HIGGS BUNDLES AND HOLOMORPHIC FORMS 
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Abstract. For a complex manifold X which has a holomorphic form vj of 
odd degree k, we endow E a = © p > a A( p '°) (X) with a Higgs bundle structure 
8 given by 0(Z)(<f>) := {i(Z)zu} A cj>. The properties such as curvature and 
stability of these and other Higgs bundles are examined. We prove (Theorem 
2, section 2, for k > 1) E a and additional classes of Higgs subbundles of E a 
do not admit Higgs-Hermitian- Yang-Mills metric in any one of the cases: i. 
deg(X) < 0, ii. deg(Jf) = and a < n — k + 1, or iii. a < n — k + 1 and 
fc ^ 2 + 1. We give examples of (noncompact) Kahler manifolds with the 
above Higgs structure which admit Higgs-Hermitian- Yang-Mills metrics. We 
also examine vanishing theorems for (p, q)— forms with values in Higgs bundles. 



Section 1 

The purpose of this paper is to give new examples of Higgs bundles which 
arise in a rather natural way, and to study their properties. Recall that a Higgs 



Bundle [11| is a holomorphic vector bundle, E — ► X over a complex manifold 
X, together with a holomorphic section 9 £ ■&T(Hom(E) ® A 1,0 (X)) ,(the "Higgs" 
form) which satisfies the equation 8 A 9 = 0. This equation means that if Z and 
W are holomorphic tangent vectors to X at a point, then [9(Z),9(W)] = as an 
endomorphism of E at that point. 

The examples consist of a complex manifold X of complex dimension n which is 

assumed to possess a nontrivial holomorphic k-form w where k is odd. The bundle 

n . . 

E is given by E := /y p ' ' (X) , and the Higgs form 9 is given by the prescription 

p=0 

9(Z)((j>) :— {i(Z)zu} A <f>, where </> is a section of E and Z is a holomorphic tangent 
vector. Defining E a by £ a := f\ {p '°'(X) ( £ = the E a form a Higgs filtra- 

p— a 

tion of E (cf. |2.15|) . We now give some examples of complex manifolds possessing 



such forms. 

i. X = any complex torus. 

ii. If X is the zero-locus in P" +1 of a homogeneous polynomial of large degree 
D, then h n '°(X) — (^7*) so if n is odd these are examples of the types of complex 
manifolds required. 
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iii. Calabi-Yau manifolds-compact Kahler Ricci flat complex 3-manifolds with 
a nowhere vanishing holomorphic 3-form, i.e. trivial canonical bundle, and higher- 
dimensional analogs (cf. pages 144-145). 

iv. For any complex manifold X, its holomorphic cotangent bundle A^'^Y 
admits a canonical holomorphic one- form 4> e tfr A^<°\A^X) such that d(j> is a 
(holomorphic) symplectic two-form. This <j) can be given invariantly by the formula 
<j>{Z a ) = a{n, a {Z a )),Z a G T^' \A^ 1 ' ">X),a G A^X with tt : A* 1 ' )* -» X the 
projection (cf. pages 85-86). Replacing X with the complex manifold A^'^X , 
one gets the corresponding holomorphic one-form $ G #T (A' 1 ' ) (A' 1 ' ) (A' 1 ' ) X)) 
and (symplectic) two-form 9$ G ??r (A( 2 <°) (A^ ) (A^Y)) on A^A^Y). 
Let p : A( 1 '°)(A( 1 '°)X) -> A^Y be the projection. Then for any holomorphic 
functions a and 6 on A^ 1,0 ) (A^ 1,0 ) X), one gets a holomorphic three-form a$ Ap*d(f>+ 
6<9$ A p*</> G #T (A( 3 '°)(A( 1 '°)(A( 1 '°)X))). Computation of these 3-forms in local 
holomorphic coordinates (using coordinates on A^ 1,0 'X given by "pulling up" a 
holomorphic chart on X and then "pulling up" these coordinates on A^'^Y via p 
to A' 1,0 )(A' 1,0 )X)) shows that these forms are generally nonzero. 

v. If M is any of the above examples, then any complex manifold M from which 
there is a holomorphic submersion p : M — > M onto M, itself inherits nonzero 
holomorphic odd-degree forms from M by pull-back. For example, coverings or 
blowing up any of the above examples at any number of points and/or taking 
products of those examples will serve as such an M . 

We investigate the curvature, stability and other properties of these Higgs bun- 
dles (and also general Higgs Bundles) and prove the following : 



Theorem |2| section 2. Let AT be a compact Kahler manifold with a nontrivial 
holomorphic k-form w where k > 1 is odd. Let the Higgs structure of E be as 
above, and let P be any Higgs subbundle of E of the form P = ©* =1 A^ Ps,0 ^(X), 
< Pi < P2 < ■ ■ ■ < Pz < n, (z > 2). Then P does not admit any Higgs-Hermitian- 
Yang-Mills metric in any of the following cases : 

i. deg(AT) < 

ii. deg(AT) = and p\ < n — k + 1 

iii. k > § + 1, pi < n — k + 1, and va is a section of P. 



Note that the degree statement in ii. is sharp because the Higgs form 9 acts 
trivially on E n ~ k+2 . If X is compact Kahler with first Chern class c\(X) = 0, then 



the Yau resolution of the Calabi conjecture |15| , yields a Ricci-flat metric g on X. 
Extending g in the usual way to the complex exterior algebra of X gives a Hcrmitian 
metric on E n ~ k+2 which is Higgs-Hcrmitian- Yang-Mills in the "vacuous" sense that 
g is Hermitian-Yang-Mills and the Higgs form vanishes. 

We also examine Bochner-type vanishing results (|l|, section 2) and Kodaira- 
Nakano-type vanishing theorems (|| and ^) in this setting. 

The original study of Higgs bundles is due to Hitchin Q , where the case of rank 
2 vector bundles over curves is considered. Hitchin studies the Yang-Mills equations 
with "interaction term" given by the Higgs field (cf. the discussion above 2.14). 
Hitchin obtains a correspondence relating irreducible rank 2 flat vector bundles and 
degree zero stable Higgs bundles over Riemann surfaces. This correspondence has 
its genesis in the work of Narasimhan and Seshardi |6| . 



HIGGS 



3 



Higgs bundles also arise in the study of Variations of Hodge Structure. See e.g. 
sections 1 and 2, |j|,|13| Chapter V section 6, Upages 868-869, and |10| section 
1, for detailed information. Generalizing the idea that Hitchin had introduced, 



Simpson |9|,[10 , [11] defined the notion of Higgs bundles on higher dimensional 
varieties, where the equation 9 A 9 = (automatically satisfied on a curve) is part 
of the definition. Simpson studied the moduli space of stable Higgs bundles with 
vanishing Chern classes in work which leads up to the following striking result 
(showing the "ubiquity" of VHS) among others: 

If M is a smooth projective variety then any representation of tti(M) can be 
deformed to a representation arising from a complex variation of Hodge structure. 
This result, among other things, restricts the types of groups which can arise as 
the fundamental group for any such M, cf. jlj chapter 7. 

The author would like to thank Aroldo Kaplan, Carlos Simpson and Olivier 
Debarre for their help in various aspects of this work. 

We now continue with the development of properties of Higgs bundles. Any 
Higgs bundle has a naturally defined operator D : TE — » T(E ® A 1 (A))defined 
by D" = d + 9 where d is the complex structure on E .The three conditions: d is 

2 

integrable (d — 0) , 9 is holomorphic and 9 A 9 = are simultaneously expressed in 
the single equation [D ) 2 = 0. 

Let ft be a Hermitian metric on E. The Hermitian connection of (E, h) ,V, 
can be uniquely written V = dh + d. Define the Hermitian adjoint of 9, 9h by the 
formula 

(1.1) h[6h{y) s,t) = h(s,9( Y ) t) 

where Y is a complex tangent vector and s and t are sections of E . Define D h by 

(1.2) D h = d h +T h 
and 



(1.3) D h = D h + D 

One checks that (D h ) 2 = ,that is a connection on E and that the curvature 
of D h is given by 



(1.4) F h = (D h f = D h D" + D" X 

Let 6 = V 2 be the curvature of h. Although 6 is a type (1,1) End(E)-val\icd 
form, in general i^will have parts of type (2,0), (1,1) and (0,2). The relation 
between the components of ^,6, 9 will now be described. Let {e a } r a=l be a local 
holomorphic frame for E (r =rank of E), h a -^ = h(e a , ep), and (h^ 1 ) be the inverse 

matrix of (h a g). Then Ve Q = £ epQC?, where C = hr l dh and 6 = dC. 

r 

Also, 9e a — X) e /3®^a where 0„ are the matrix representative (l,0)-forms of 9 

13=1 

relative to {e Q }. In this setting we also have 9h,e a = Yl e P&)0ha > where 9h a = 

(3=1 
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Y^h^ 9 1 ! han, If the frame {e Q }^ =1 is orthonormal at a point of evaluation, then 

Oh a = O'g at that point. 

Now, writing F h e a = £{ e/3 ® ifj, and (i^)^ = £{ e/3 ® (Ffj^)} 

where (a, 6) = (2, 0), (0, 2) or (1, 1) one computes (cf. H page 879, fourth line from 
the top and also Proposition [y below) 

(1.5) Ff' 0) =d + C A6 + 6 AC 

(1.6) Ff^F^ 

(1.7) i^ M) =Q + dAK + 07 l A0 
in more detail 



(F,e Q )( 2 ' ' = £{ e/3 ® { ^ + £(C£ A ^ + < A C2)}} 

/3 7 

(i^)^ 1 ) = ^{ e/3 ® {9^ + ^)}} 

/3 7 



In the course of proving 1.7 one must use the identity 



d0 h + C A6 h + 6 h AC = 

which in turn follows from the identities C — h^^^dh and Oh = h~ x 0h. 

If M is any smooth manifold and V -^M is any real or complex vector bundle 
with a connection V: C°°rV ->C CX T(V®A 1 (V)) there is a "natural" extension of 
V , d v : Y k -> V fc+1 , where V := C°°r(V®A r (F)). This implies the following 
(cf. §, page 879): 

Proposition 1. F^ 0) = d v 6 and F^' 2) = d v K- 

At any point p we can always find a local holomorphic frame {e a }J, =1 adapted 
to p, and also d = dd% so we conclude d v e(j>) = <^ d v e^(p) = 0. Now the 

above Proposition [l] implies 

(i.8) f£ fi) = o <^ f^- 2) = o d v e = o <^ d v e^ = o 



We now examine the curvature terms appearing in 1.7. If Z, W are holomorphic 



tangent vectors at a point , then 1.7 implies 

(1-9) _ _ 

F h (Z, W)s = Q(Z, W)s + 6(Z)6 h (W)s - 6 h {W)0(Z)s = Q(Z, W)s + [6(Z), B h {W)]s 

where s is any section of E. Relative to the local framing {e a } r a= i of E, |l.9| can be 
written 
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(1.10) 

F h (z,W)e a = ^{ e/3 ® {oi(z,W) + J2(9?(z) eZ<W) -~^j(WWa(Z))}} 



One final identity we will use following from 1.9 



is: 



(1.11) h(F h (Z, Z)s, s) = h(G(Z, Z)s, s) + \\9 h (Z)s\\l - \\9(Z)s\\ 2 h 

One can see an earliest version of this formula in |Q, section 7 and especially 
Lemma (7.18), pages 271-272. In the (VHS) context of that paper one would have 
F h = 0. 

If we now endow X with a Hermitian metric g, then use g to take the trace of 



the identity of 1.11 in the "Z" variables we get 



(1.12) h(iAF h s, s) = h(iAes, s) + Y^{\\9h{Z l )s\\ 2 h - \\e{Zi)s\\l} 

i=i 



where the {^}?=i forms an orthonormal basis for T 1,0 X at a point and also in 1.12 
we have used the term iA as a shorthand for "trace with respect to g over T^ 1,0 ) X" . 
This can be written , for example, zAO = Y^=i Zi), where {Zi}™ =1 is a 

g— orthonormal basis for T^'^X at a point, and in general A = i^2,g % H(Zi)i{Z j). 
If g happens to be a Kahler metric then this agrees with the usual symbolism. If s 
is a holomorphic section of E, then we have the well-known identity (p| Chapter 



III Proposition 1.5, page 50 and \14\ page 349, item (3.30)) 



(1.13) h(iAQs, s) = -iAdd\\sf h + ||Vs 
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Now 1.12 and 1.13 lead, via the Bochner technique, to the following vanishing 
result (cf. [14] Theorem 5, pages 347-349, § Chapter III Theorem 1.9,page 52,§ 



Lemma (7.18) , pages 271-272) 

Lemma 1. Suppose X is compact, s is a holomorphic section of E satisfying 
9s = and iAFh < ( pointwise as an endomorphism of E). Then s is parallel 
Vs = and satisfies 9h,s = and iAFh(s) = 0. If iAFh is a quasinegative operator 



fljlj, page 323) then s = 0. 

We will see in section 3 how Lemma [j] extends to Kodaira-Nakano-type van- 
ishing result for (p, q)— forms with values in a Higgs bundle. 



Section 2 



Let A be a complex manifold of complex dimension n. Let E := /y(P<°) (jf ) 

be the holomorphic vector bundle of forms of degree (p, 0) for all p. Assume X 
has a holomorphic form w (not everywhere zero) of type (fc, 0) where k is odd. We 
define a Higgs form 9 on E, 6 e W{Hom(E) ® A li0 (A)), by the formula: 



(2.1) 



6(Z)(<f>) := {i{Z)w} A<j) 
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where Z is a complex tangent vector to X, i{Z) is interior multiplication by Z, 
and is any section of E. One can write without referring to a specific complex 
tangent vector locally by the formula 

n f) 

(2.2) 0(0) :=X)({*(/r MA0})®dzi 

i=i °^ 

where {/-}(dz;) is a local framing for T^ 1 ' ) (X)) (A (1 ' 0) (A)). Formulas O and 



2.2 imply that is actually a holomorphic section of Hom(E) ® A 1,0 (A) and the 



condition [9{Z), 9(W)] = follows from the assumption that k is odd as follows: 

[9(Z), e{W)]{(j)) = {i{Z)w} A {i{W)vj} A - {i(W)zu} A {i{Z)w} A = 
because i(Z)w is a form of even degree. This same idea shows that if w is a sum of 



holomorphic forms of possibly different odd degrees, then 2.1 also defines a Higgs 
structure on E. If vj is a holomorphic k-form, where k is not necessarily assumed 
to be odd, then a "super Higgs" structure can be defined on E if we define a new 
bracket operation " [ , ] ro " in Hom(E) by the prescription 

[A , B] m (0) = (AB - (-l dcg ( ro ))SA)(0) 

We now examine some examples of this Higgs form for specific values of k 
in a purely linear algebraic setting . Let (Vr, J) be a real vector space with a 
complex structure J, V — Vr C =V'( 1 > ) V^ * 1 ) be the complexificat ion and 
decomposition into ±i eigenspaces of J. Let w G A^ k '°^(V) (k odd) and define 9 G 



flom(0 p>o A(P'°)(y))0A( 1 '°)(V r ) by|D] If fc = 1, then [□] yields 0(0) = 0®ro, 
that is, 9{Z){4>) — va(Z)cf). If fc = n is odd, then 

C 0i(«)tx7 if deg(0) = 
0{<t>) = { n7®0if deg(0) = l 
[ if deg(0) > 2 

the middle expression means 9{Z){<f>) — cf>(Z)w and these formulas follow from 
(i(Z)w) A cf> = i(Z)(va A 0) + vo A (i(Z)<f>), which is valid for any form 0. These 
examples show the kernel of 9 is if w ^ in the interesting cases where 9 could 
act nontrivially. In general we have 

Proposition 2. i. For G p > o A^°\V), 0(0) = w A = and 
w Ai{Z)(/) = V Z G V. ' 

ii. Let h be any Hermitian metric on p>o A^ P ' \V), and let 9h be the h-adjoint of 

9, h(h(Y) 0,-0) = h((f>,6( Y ) ip). Then~T h (Z) = VZ G V {e{w))* h 4> = 
and (£(t37))*'*i(Z)* h = VZ G V where * h means adjoint with respect to h. 

PROOF, i. We need only consider Z G V^'°\ The formula (i(Z)zu) A = 
i(Z)(tuA0) + rt7A«(Z)0 makes 4= clear. If (i(Z)tu)A0 = MZ then ((e(ry)i(Z)n7) A 
= Vt? G A^ ) (^.Therefore = T, j ( £ ( Z j) i ( z j)^ u ) A <t> where {Zj}({Z*}) is a 
basis (dual) for V^ 1 ' ) (A^ 1,0 ) (V)) but this sum also equals k w A(f> due to the identity 
■ s(Z*)i(Zj)zu = k w which is valid for any (fc, 0) form (seemingly most easily 
proved by computing on basis elements Z* n A Z* 2 A ■ ■ ■ A Z* k ). Thus 0(0) = 
implies vo A = 0. Therefore the assumption in =>• yields = (i(Z)-cu) A = 
i{Z){w A 0) + vo A i{Z)<f> = w A i{Z)cj> MZ. 
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ii. 6 h {Z) <p = VZ e V h(4>, (i( Z )w) A ^>) = VZ and V<0. Replacing V 
with e(Z*)ip, this implies /i(^>, • e(Zj)(i(Zj)w) Aip) — 0, so h(<p,wAip) = i.e. 
h(e(tu)* h <j), ip) — 0,and thus e{w)* h (t> — 0. The rest is as is in part i. | 

Let us call a (positive definite) Hermitian metric h on q>Q A^ p ' q ^ (V) standard 
if h is the unique extension to @ p q>0 A^ p ^ (V) of a (real) metric on Vr for which 
J is orthogonal such that A^ p,q ^ (V) is orthogonal to A^ p ' 9 ) (V) if (p, (?) ^ (pV) and 
Z* n A Z* A • • • A Z* p AZ; A • • • A ~ZT, 1 < h < ■ ■ ■ < i p < n, 1 < j ± < ■ ■ ■ < j q < n 
is an orthonormal basis for A^ p ' q ^(V) if {ZjYt=\ is an orthonormal basis for y' 1 ' ). 
If h is standard then one has the usual isomorphisms # : V* — > V and b : V — > V™ 
and then £(07)*^ = i{m#) and i(Z)* h = e{Z v ). One proves the following statement 



(2.3) For a standard /i, fc (0) = <^ i(m*)<j> — and w A e(Z b )0 = VZ e V 

Let us call a (positive definite) Hermitian metric h on (§) p>0 A-( p '°\V) natural if 
ft makes A( p '°)(V) orthogonal to A^''°)(V") if p ^ p'. One verifies that 



(2.4) h natural on0 A ipfi] (V) 

p>0 



h : A {a ^ {V) -> ^{a-k+lfi) (C> A (i,o) ^ 



For use later in giving examples of Kahler manifolds which admit Higgs-Hermitian- 
Yang-Mills metrics ( |2.12j ) we now give a formula for the linear algebraic operator 
T h {s) defined by 



(2.5) 



i=l 

n 

h(T h (s),s) = £«(S>||MlW>llft} 



(cf. 2.10), in the case where the Hermitian metric h on p q>0 A^'^ (V) is 
standard, s € (B P >o A' p, °' (V) and the operator is defined using an element 
w = aZ* A Z* A • • • A Z* 6 A^ ' (V) (n odd, > 1) where {Zj}f =1 is an orthonormal 
basis for V (1 '°\ In this setting, one has the identity i((Z* A Z * 2 A ■ ■ • A Z*J # ) = 
i(Z lp )i(Z lp _ 1 ) ■ ••i(Z ix ) for any p. If degs > 2 then 6»(Z,)s = {i(Zi)w} As = 

and if degs < n - 2 then ~6 h ~(Z l )s = i(±(aZ* A Z* A ■ ■ ■ A Z* A ■ ■ ■ A Z*)*)s 
0. Thus Th(s) = if 2 < degs < n — 2. It is straightforward to check that 
h(T h (s),s) = /[»] ||tu|| 2 where s G A^°)(F), with /[i] = 0, if 2 < % < n - 2, 

f[0] = — n, /[l] = — l,/[n] = n and (because T/j must have trace 0, or by similar 
computations) f[n — 1] = 1. By polarizing, we get 



(2.6) 



n eA ( "' 0) (7),seA (, ' 0) (y) = 

Tfc( S )=H|*/[i] S 

— n if i = 
— 1 if i = 1 
/[i] = <( 0if2<i<n-2 
1 if i = n — 1 
n if i = n 
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We remark that one can prove the following identity: if (V, ft) are as above, but 
now w = aZ* % A Z * A • ■ ■ A Z* k E A( fe -°)(I/) is a simple (fc,0)-form (k odd), then 

This) = 

2 



w\\ h {ki 

(k-r)(-l) r Yl ^A^'A-A^Ar A • • • A Z* t ^ )*)s} 



min(fc — 2,dcg s) 

v — > v — "v # 



r=l l<t 1 <t 2 <---t r <k 



Consequently if s e A^- ) ((span{Z^ , Z* 2 , • • • , 2? k }- L ) , then T h (s) = -k\\mf h s, 
while if s € A(^°)((span{Z*, Z* , • • • , Z*J), then one can show T h (s) = \\w\\ 2 h F[i]s, 
with F[0] = -k,F[l] = -l,F[k- 1] = 1,F[0] = k,F[i] = if 2 < i < k - 2. 

Now consider again the differential geometric setting described in the beginning 
of section 2. E — > X is the holomorphic vector bundle i? = © p > A( p,0 )(X), 



to 6 i9rA( fc '°) (AT), and the Higgs form defined by 2.1, Let ft, be any Hermitian 
metric on E and let g be any Hermitian metric on TX (^) C (we do not assume any 
a priori relation between g and ft). In this case formula 



1.11 



becomes 



(2.7) h(F h (Z,Z)s,s) = h(9(Z,Z)s,s) + \\(e(i(Z)™))*>s\\l-\\(i(Z)™)Asf h 



Remark 1. l.If k = degro = 1, then (i(Z)w) As — (i(Z)w)s, (e(i(Z)m)* h s 



(i(Z)vu)s (even ifh is not natural) and then yl. ^ becomes h(Ff l (Z 1 Z)s, s) — h(Q(Z, Z)s, s) 



In fact, the operator corresponding to 9 A Oh + Oh A (cf. 1.7) is zero. Partly this 
reason we will assume k > 3 unless specified otherwise. Another reason for assum- 
ing k > 3 is that we want to consider solutions to the equation (i(Z)-cu) A s = 
\/Z (locally defined) holomorphic tangent vector fields, and s € fiTE. If zu is a 
1 — form, then this would imply either w = or s = 0. 

2. Note that Fh does not annihilate functions on X, i.e. sections of A^ ' ^ (X), 
unlike 0. In particular, we conclude for the constant section 1 G rA(°'°)(X), 
that h{F h (Z,Z)l,i) = \\{e{i(Z)w))* h l\\l - \\(i{Z)zu)\\ 2 h and if ft is natural, then 
h(F h (Z,Z)l,l) = -MZ)w)\\l 

If the degs > n — k + 2, (i(Z)w) A s = 0. If ft is a natural metric then 
deg(e(i(Z)zu)* h s = degs -k + 1 and hence if degs < k-2 then (e(i(Z)ru))* h s = 0. 
Now fc — 2 > n — k + 2 •<=>• k > % + 2, so for this range of k both of the last 



two terms on the right hand side of 2.7 vanish. We summarize these observations 
below. 



(2.8) h(Fh(Z, Z)s, s) > h(Q(Z, Z)s, s) Vs e C°°T A( a < )(X) 

a>n-k+2 

(2.9) hnatural =^ h(F h (Z,Z)s,s) < h{G(Z,Z)s,s) Vs e C*°°r A (a ' 0) (X) 

a<fc-2 

hnatural, k > ^ + 2 =>• F h (Z,Z)s = G(Z,Z)s Vs e C°°T A (a ' 0) (X) 



n-/c+2<a<fc-2 



Theorem 1. ^4sswme (X, g) is a compact Hermitian manifold of complex di- 
mension n, E — > X is the Higgs bundle given by 2.1 and ft is a Hermitian metric 
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sG'&T A (a ' 0) pf) => V h s = 0, {e{i{Z)w)* h s = OVZ, and iAF h (s) = 

a>n-fc+2 

If > h{iKFht, t) for all sections t of E and k > § + 1, £/ien tu = 0. 



Proof, l.lz in this setting can be written 
(2.10) h(iAF h s, s) - h(iAes,s) = J2{\Mi{Zi)^)T h s\\l - \\{i(Z t )m} A 

The argument of Lemma [l] implies the result in the first line of the theorem, because 
deg(s) > n — k + 2 implies {i(Z)w} A s = VZ. To prove the second statement, 
note that k > ^ + 1 implies that deg(n7) = k > n — H 2 so we can use the first 
argument to conclude that (w is /i-parallel and ) (e(i(Z)zu))* h zu = OVZ. From the 
second part of Proposition || we get (e(vo))* h m = 0. This yields h((e{vj))* h vj , t) = 
for all sections t of E, and taking t = 1 implies ||tj7||^ = 0. | 



If iAFh is quasinegative and s is as in Theorem |T| then s = 0. 
In the context of general Higgs bundles, the vanishing of the F^^ and F^' 2 ^ 
is equivalent to the Higgs form being parallel (cf . P rop osition |l|) . The next result 



examines the case of those Higgs bundles defined by 2.1, and with a special metric. 
The result will be used at the end of section 3 in a vanishing theorem for (p, q) 
forms with values in E. 

Proposition 3. Let (X,g) be a Kahler manifold, and extend g to a standard 

n , . 

metric on A*(X) (^) C. In the above notation let the metric h on E := ©A (-^0 
beh = g Then F (2fi) = Vro = (<& F^ 2) = by PropositiorQ) . 

Proof. From Proposition [j] it follows that on any Higgs bundle (E, 9) with a 
Hermitian metric h, F^ 2 ' ^ = at a point p <^> d9 l s = at p where 0e a = J^p e P ® ®a 
for a local frame {e a }^ =1 of E adapted to p. In the case we are considering, 
let {e a } 7 a=1 (r = 2 n ) be a local frame of E = 0£ =Q A^°) (X) ^-adapted to p. 
Then throughout the neighborhood where {e Q }„ =1 is defined we can write 8e a = 
E?=i A e «) ® dz i = Ej=i(c/s <8> E?=i where {i(£M A e Q = 

E£=i ■ Therefore we have ^ = £» =1 and = E? =1 0<« A dz t . 

One computes that A^ a = E^=i ^MW^-)? 37 } A e Q ,e 7 ),where h al = h(e a ,e b ) 
and (h st ) = (ft^) -1 . Up to this point we have not used the assumption that h is 
a Kahler metric. We now exploit this assumption by writing d = e(^-)V a 

where {gfr}™=i is a local holomorphic frame for T^^lX) which is also h— adapted 
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to p. Then, at p, the following equalities hold: 

"~dz. 

,J 
"dz. 



d d 
^ ^ h ({ i (~Q^~} w } A e a,ep)dz A dzi 

d 

E^(V a {{i( — )m} A e Q ), ep)dzj A 

i,3 

d 

^ /i((V_|_{i( — )tn}) A e a ,ep)dzj A c?z, 

Eh((i(— — )V a ro) A e Q , ea)dzj A cfej 



^ d 
= y h([i(— — )\7 _o_m — i(— — )V _d_zu] A e a ,ep)dzn A dzi 

OZi a *j OZ-j a H 

l<j ■> 

We conclude: 89% (p) = /i([i(#-)V_?_ro - i(#r)V a w] A e Q ,,e /3 )(p) = 

Vi < i . Thus Vtu = => d6>f = and hence that F^' 0) = 0. Conversely, 
F{? > 0) = => S^(p) = => / l ([j(^-)V_ f _w - i(J-)V_g_ro] A e a , e/J )(p) = for 

any adapted frame {e Q }^, =1 and we can conclude that F^' ^ = =^> (i(^-)V_a_07 — 



«(7r-)V_s_ro)(p) = Vi, j e.g. by choosing e a = U A(°'°)(X) C £. Finally we 

oz 3 dz i 

have 

•/ & ^^ ■/ ^ \^ 

l(— — )V_§_?Z7 = l(— IV _a_W =>■ 

OZi azj dzj az, 

Q Q 

} £(dzi)i(-^—)W _a_w = ye{dz i )i(——)V_a_w 

Z — ' OZi a *j OZj S*i 

l i J 

d 

=> k V _£_m = e{dzi)i{— — )V ^_m => 

d 

k £(dzj)V_o_n7 = ^^e{dzj)e{dzi)i(— — )V _a_m => 

j 3 i,j 3 

d 

k dm — — e(dzi)e(dzj)i(— — )V_a_tz7 
i,j 3 
=>- k dm — —k dm dm = 0. 

From the third line above we also get fcV o m — V a m — y"L i(-Jr—)£{dzi)V am — 
V_o_ro —i{-^-)dm = V a because dm = . Finally we conclude (k— \)S7 _a_m — 
0,and hence Vm = 0. | 

In preparation for the examination of stability questions for the Higgs bundle 
E, we consider general Higgs subbundles of E. Suppose P C E is a Higgs subbundle 
of E. This means that if s is a local section of P, then (i(Z)m) A s is also a local 
section of P. If /i is a Hermitian metric on P, then 2.7 and 2.10| apply to the Higgs 
bundle P with the Hermitian metric h. Additionally, the proof of Theorem [l] works 
as well in this setting, which we include as a : 
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Remark 2. Let P C E be a Higgs subbundle and let h be a Hermitian metric 
on P, so all h Hermitian data applies to P. If > iAF^, i.e. iAF^ is a pointwise 
negative semidefinite operator, then any holomorphic section s of P which is a 
(p, 0)-form with p > n — k + 2, (or a sum of such forms) must be parallel for the 
Hermitian connection of h. If iKFh is quasinegative, then any such s must be 0. 



We now examine the question of stability for the Higgs bundles defined by 2.1 
Assume (X, g) is a compact Kahler manifold. If E — > X is any holomorphic vector 
bundle over X, then E is said to be stable (semistable) (Q, Chapter V, sections 
5-7) if for every nontrivial coherent analytic subsheaf 3" of the sheaf $(E) of germs 
of holomorphic sections of E the following inequality holds: 

(2.11) < (<>(£) 

If F C E is any holomorphic subbundle of E, n(F) (the "slope" of F ) is defined 

to be n(F) = = 5x C ^(F) > u bein § the K ahler form of g and a(F) the 

first Chern class of F. If J is the sheaf "d(F) of germs of holomorphic sections of 
F, fi($) means n(F). A coherent subsheaf of fl(E) need not arise as the sheaf of 
germs of such a subbundle F, i.e. # need not be locally free. Nevertheless, there is 
a well-defined rank for 5, because 5 is locally free outside a set of codimension at 
least 2. There is also a holomorphic line bundle associated to J ,"det(30" an d one 

defines c i (5 r ) to be ci(det(3")) and ^(3") = ^ x • In case # arises from a 

vector bundle F these definitions agree with the standard vector bundle ones. 

A Hermitian metric h on the holomorphic vector bundle E over (X, g) is said 
to be an Einstein-Hermitian metric (pjj, chapter IV) or a Hermitian- Yang-Mills 
(HYM) metric (E^j) if «A8 = elds, O being the Hermitian curvature of h, and 
where c is a constant determined by the rank and degree of E and the (class of ) 
the Kahler form of g (cf. ||| chapter IV, section 2). If E admits such a metric h, 
then E is semistable and splits into a direct sum of holomorphic, stable subbundles 
with the same slope ([S] chapter V section 8, Theorem 8.3). The converse theorem 



conjectured by Kobayashi was proved in [12|: A stable holomorphic vector bundle 
over a compact Kahler manifold admits a unique Hermitian- Yang- Mills metric. 

In the category of Higgs bundles over compact Kahler manifolds, (E, 9) —> 
(X,g), E is said to be Higgs stable (Higgs semistable) (|J) if for every non- 
trivial coherent analytic subshea f s atisfying 9 : $ — > ^ ^^(A^^^X)) (i.e. a 



Higgs subsheaf) the inequality in 2.11 holds. A Hermitian metric h on the Higgs 
bundle (E,0) -> (X,g) is said to be a (Higgs-)Hermitian- Yang-Mills (HHYM) 
metric ( [pj}| ) if iAF^ = elds, where Fh is defined in L4. . Again it is true 



that if (E, 0) admits such a metric h, then (E, 9) is (Higgs) semistable and splits 
into a direct sum of holomorphic, (Higgs)stable subbundles with the same slope 
("polystability" [11 1, Theorem 1, page 19), because the proof of (5| chapter V sec- 



tion 8, Theorem 8.3 can be modified for the Higgs category, and the inequalities 
still go the right way. The converse of this theorem, for compact and certain classes 



of noncompact Kahler manifolds, is due to Simpson (|9|, see also 11 1) and plays 
an important part in the results described at the beginning of section 1. 

One would like to know when an HHYM h exists for the Higgs bundles defined 



by (2.1) for a X a compact Kahler manifold. The results we present below 



indicate that such metrics may be quite rare for such X. In order to get some 
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information about such metrics we give examples of HHYM metrics in noncom- 
pact cases where there are no topological or complex-analytic obstructions to their 
existence. 

Let {X,g) be complex n-dimensional with Kahler metric g. Assume the follow- 
ing properties are satisfied: 

i. g is Kahler-Einstein 

ii. given any constant C, there is a smooth function / : A — > C such that 

□ s (/) = c 

iii. vj S A^ n '°'{X) is a holomorphic n— form with constant g— length 

Then the Higgs bundle (E = p>o A^°) {X), 6) admits a HHYM metric g', 
iAFgi — dd,E with any number c (note that the A in iAF g / refers to interior 
multiplication by the g— dual to the g— Kahler form, we use g for all Riemannian 
data on X). In fact we will now show that such a g' can be obtained by taking 
the standard extension of g to E and changing it conformally on each hS p '°\X) 
(with a conformal factor depending on p) . X = C n with the standard metric and 
a constant coefficient (n, 0)— form vj is of course an example of such a manifold, 
and f(zi, Z2, z n ) ~ — Y2i \ z i\ +any harmonic function yields condition ii. That 
condition excludes the possibility of X being compact. 

For (X, g) satisfying i, ii and iii, say that Ric{g,T^-°\X)) = — A/d T <i.o)(x), 
so for the induced action of the Ricci curvature on A( 1: °)(A), Ric(g, A( 1: °)(A)) = 
A/d A (i,o)(x)- Extend g as a standard Hermitian metric to E. Then the curva- 
ture Q g of the corresponding Hermitian connection on E then satisfies iAQ g = 
(p l : i 1 )A/<i A (p,o) (x) on A(P'°)(X). The decomposition E = p > o A^- ) (A) is ^-orthogonal, 
hence each factor A( p, °)(A) is invariant under the Hermitian connection V ff , i.e. 
each factor is totally geodesic. Thus iAO(A(p.o)(x),g|A(»'°:>(x)) = «AO ff |a(p»°)(x) = 
{ n ~i)^IdA(p,o)(x)- Let d' b e Hermitian metric on E uniquely determined by the 
requirement that E = p>o A (p ' 0) (A) is g'— orthogonal and g' = e fp gon A (p -°)(A), 
where f p is a smooth function on X to be determined. The decomposition E — 
©p>o A^' - 1 (A) is g' — orthogonal and totally geodesic and we conclude that for g' 

we have iA@ g > |a(p.o)(x)= iA&(A(*,°)(x), g '\A(p.<»(x)) = (Pg(fp) + (p_i)^)^A(p.o)(x) 
onA^ »(I). 

For the Higgs structure 9 defined by the form w one checks that 6 g = 9 g > 
because one has just changed the metric conformally on each of the orthogonal 
subspaces of E. Consequently we have T g = T g i for the operator defined as in 



2J. Also because E = p>o A^' ) (X) is both g and g' orthogonal, T g = T g , : 
A(p>°)(A) -» A( p ' )(A)Vp. Because iAF g = iAO g + T g , combining all these observa- 
tions yields 

(2.12) iAF g > \ A (p,o)(x)= + (^ p _ ^j^) I d\(p o)(x) + T g \a(p>Q(x) 

Now using the (n, 0) — form w, which we can assume has pointwise length 1, 
we see from 2.6 that T g |a(p>°)(x) = /[p]^a(p.°)(x) m the notation of 2.6. Because of 



assumption ii above, we can find, for each p, and for any constant C,a function f p 
such that 

(2.i3) n g (f p ) = c- (^ZJ)a-/[p] 
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Hence with such a choice of f p for each p, the corresponding Hermitian metric 
g' on E is Higgs- Hermitian- Yang-Mills, with constant C. Note that in general g' 
(restricted to A (1 ' ^(X) and then defined on T (1 ^(X) by g'-duality), will not be 
a Kahler metric. 

We now return to the question of the existence of HHYM metrics in the case 
where X a compact Kahler manifold. We do not have any examples of such metrics 



for the Higgs bundles defined by 2.2. In fact, the results we prove below on the 
nonexistence of such metrics came about as obstructions to such metrics in our 
investigations of this question . We need formulas for c\ (F) for various subbundlcs 
of E. If X is any complex manifold of complex dimension n. Then there is the 
well-known formula 

(2.14) d(A<*'°>(A-)) = ^"JW^X)) 

If p = 0, we interpret to mean 0, so the formula is correct in this case, 

too. If we now assume X is a compact Kahler manifold, then it follows from [2.14 
that deg(A(P'°)pf)) = deg(A(^°)(X)) and /i(A^°) (X)) = p/i^ 1 - ) (X)). 

Considering E = 0™ =o A^°) (X) as a Higgs bundle via |2.l] , there are a large 
number of Higgs subbundles, hence Higgs subsheaves oiflE. For example, p>o A( 2p '°) 
A even and A( 2 p +1 <°) (AT) =: A odd arc both Higgs subbundles of E. Also, using 

the fact that the first Chern class is additive over direct sums of bundles, one com- 
putes that a(E) = 2"- 1 ci(A( 1 ' )). One computes fj,(E) = § fi(A^), a{A even ) = 
2 ,l - 2 ci(A( 1 '°)) = ci(A odrf ), and finally ^(A even ) = f/^ 1 ' )) = fi(A odd ) = fi(E). 
One gets a Higgs "filtration" {£ a }" =0 (i.e. a filtration by Higgs subbundles) of E 
as follows: 

(2.15) C E n C E n ~ 1 C • • • C E 1 C E° = E 

where E a = 0AW'(I) 

This filtration also gives Higgs nitrations of A emn( ~ odd ^ by A even< - odd ^ n E a . Writing 
k = 26 + 1, each of the subbundlcs 

(2.16) A( 2bp+l <°) {X), i = 1, 2, 2b - 1 

p>0 

are Higgs subbundles of A el,en or A odd , and intersecting with the Higgs filtration 
gives more Higgs subbundles. 

We now investigate the of the stability of some of these Higgs bundles. If V — > 
AT is a stable holomorphic vector bundle, then V cannot split holomorphically and 
nontrivially (V — V\ V2 holomorphic implies one V% = 0), i.e. V is irreducible. 

This irreducibility result also holds for Higgs bundles: if E is Higgs stable, and 
E = Ei E% with Ei and E 2 Higgs, then one of these subbundles is (and the 
proof follows that of Lemma (7.3) chapter 5 section 7 in As a result, for the 
E defined by |]l], if F is a Higgs subbundle of E for which there is a nontrivial 
splitting of the form F = F n A even F n A ocW , then F cannot be Higgs stable (or 
''plain" stable) . This type of splitting occurs in the bundles in the Higgs filtration 



2.15. In particular, none of the E a , a = 0,1, n — 1 can be stable, although E n , 
being a line bundle, is stable (cf. Proposition (7.7), page 170 of |H). 
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It is natural to ask if any of the these Higgs subbundles could be semistable. If 
any of the components of the Higgs filtration were semistable (stable), say i? a ,then 
n(E b ) < (<)fi{E a ) V6 > a. The next result shows that if deg{A {1 ' 0) {X)) > 0, 
then the bundles E a , E a n A even , E a n A odd and others cannot be semistable in 
the "ordinary" sense where no Higgs structure is assumed (again excluding the 
automatic case E n , which is a line bundle and hence stable), and will be used to 
show that many of these bundles cannot admit HHYM metrics. 

Proposition 4. Let d = deg(A( 1,0 )(X)), let P be the holomorphic subbundle 
o/0r=o A(i,O) PO given by P = @ Z S=1 ^°\X), < Pl < p 2 < ■ ■ ■ < Pz < n, 
and let Q be the holomorphic subbundle of P given by Q = © t=1 A^ 9 *' ) (X), p\ < 
qi < q 2 < ■ ■ ■ < qi < Pz, {qi, 92, qi} C {pi,P2, —,Pz}- If Q is the "tail" of P. 
qi = Pz-l+i,i = 1, h then fi(P) > fj,(Q) <^ d < 0, fi(P) = fj,(Q) ^d = 

Proof. We will show that n(P) — n{Q) — d c(pi, ..., Pz ;qi, ...qi) where 
c(pi, ...,p z 'i qi, ■■■<?;) is a rational number which is strictly negative when qi — p z -i+i, i 
1, Write {pi,P2,—,Pzl= {{sij 92, — , Ql}, {n, r 2 , n < r 2 < ■■■ < 
r z -i- Using the formula 2.14 one computes 



KP) - KQ) 



rk{P)rk{Q) 

d 



rk{P)rk(Q) 

(2.17) 



rk(P)rk(Q) 




In the last line of 2.17 we have assumed ri, q\ > 1. If Q is the tail of P, 
then Tf, — qt < for all b and t. In case one or both of r\ or qi is 0, one has to 
write out some special cases of the expression in 2.17 , but the basic result is the 
same: n(P) — ^{Q) — d c where c is a rational number, which is strictly negative if 
n> — qt < for all b and t. | 



Theorem 2. Let X be a compact Kahler manifold with a nontrivial holomor- 
phic k-form vj where k > 1 is odd. Let the Higgs structure of E be as above, and let 
P be any Higgs subbundle of E of the form P = 0^ =1 h.^"^{X), < p 1 < p 2 < 
• • • < Pz 5= n, (z > 2). Then P does not admit any Higgs- Hermitian- Yang-Mills 
metric in any of the following cases : 

i. deg(X) < 

ii. deg(X) = and p\ < n — k + 1 

iii. k > t£ + 1, pi < n — k + 1, and zu is a section of P. 

PROOF. We first prove i. Note that deg(A( s '°) {X)) = (^) deg(A( 1 -°) {X)), 
hence deg(P) is a positive multiple of d = deg(A( 1,0 ) (X)) — — deg(A). Assume P 
admits a HHYM metric h, iAFh — cLdp. Because P admits this HHYM metric, 
it is Higgs-semistable, so p,(P) ^ n{P'), where P 1 is the Higgs subbundle of P 
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given by @ z s=2 A^ P3 '°\X). Now using P, and Q = P' in Proposition^, we get 
that — deg(X) = d < 0, proving i. We now prove ii. Assume that P admits a 
HHYM metric h, iAF h = dd P . Representing ci(P) by £tr P F h = £ F L 
one computes ci(P) A u n ~ x = ^7 J2 a ^P^w™ = chapter 3, section 

1, (1.18)) hence deg(P) is a positive multiple of c. 

If d = 0, then we have n(P) = and also fi(P') — 0. If one adapts the proof of 
Proposition (8.2), Chapter V of |Bj to the Higgs setting one concludes the following, 
using the notation in JBj: if E is a Higgs bundle and E' C E a Higgs subbundlc, 
over a compact Kahler manifold (X,g), and if P admits a HHYM metric /i, then 
^{E') < (i(E), with equality iff E = E'®(E') i - h is a holomorphic splitting into Higgs 
subbundles (i.e. (E') ±h is a holomorphic, Higgs subbundlc of E ). In our setting 
(d = 0,so /i(P) = fi(P') = 0) this fact implies that P = P'©(P / )- Lh is a holomorphic 
Higgs splitting, so (P') ±h is 0-invariant. However, 9P C P'tgA^ 1,0 ) (X). Therefore 
(P') ±h = 0. Now let s £ rA( pi '°)(X) and split s = s' + s", s' E TP', s" E r(P') ±h . 
Then 9s E TA^ +k ' 1 ^ (X) (g> A^^iX), while 9{s' + s") = 9s' E FP' <B>A^°\X), 
so the lowest possible degree "form" part of 9s' is P2 + k — 1 > pi + k — 1. We 
conclude that 0s = 0, for every s E TA^'^iX). From Proposition |, we conclude 
that wM(Z)s = for every s E rA^ 1 '°)(X) and every holomorphic tangent vector 
Z. Because pi < n — k + 1, this implies that tn = (one can see this pointwise 
by picking s = dzA, where ^4 = {l<Ai<---< A P1 < n) can be any length p\ 
multiindex, then i(Za pi )s = idzA 1 A dzA 2 A dzA 3 A • • • dzA P1 _ 1 so any of the simple 
Pi — 1 forms dzAi A dzA 2 A dzA 3 A • • • d^j, j can be obtained as i(Z)s). We have 
reached a contradiction. 

Now assume k > f + 1, but not necessarily that deg(A) = 0, and as above, 
assume P admits a HHYM metric h, iAF^ = cldp. Because P admits this HHYM 
metric, it is semistable and using P, and Q = P' in Proposition || we get, that d < 
so c < 0. Now c < implies that iAFh is a pointwise nonpositive operator. Since 
w is a section of P, the formula 2.1C| in the current setting, for the bundle P, with 



s = zu, (cf. Remark g) becomes 

because k > ^ + 1 implies 9vj = 0. Integrating this equality over X implies c > 0, 
hence c = and deg(A) = 0. Now part ii. gives a contradiction. | 

Section 3 

In this section we examine analogs of the Kodaira and Nakano-type vanishing 
theorems for (p, g)-forms with values in a Higgs bundle over a Kahler manifold, cf. 
H chapter 3 (see also chapter 1) for the Kahler manifold operators and 
section 1 for the formulas on Higgs bundles. 

Let (X, g) be a complex manifold of complex dimension n with a Kahler metric 
g. Let (P, h) — > X be a rank r holomorphic vector bundle with a Hermitian 
metric h. As in [Q, the Hermitian connection on E extends to an operator d v : 
C°°rP0 A\X) -> C°°rP(g) A l+1 {X) and there is the refinement of d v into the 
two operators d v = dh + d 

d h : C°°rP(g)A (4j) (A) -> C°°rP(g) A (i+lj) (A) 

s : c*°°rp 6?) a (i J) (x) -> c°°rp 6?) a (i (X) 
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given relative to a local holomorphic frame {e Q }£, =1 of E by 



d h (e a (g) 0) = Ci A <P + e c 

f3=l 



where Ve Q = e /3®Ca- The metric on X extends to A*(I)®C (we drop 

0=1 

the C and write A*(X) for the complex exterior algebra of X) and the Hermitian 
metric on E combines to give a metric which we denote <C , 3> on -E0 A*(X) by 
the prescription 

«e®A/0^>=k(e,/)*(M*?) 
e,/e£We A*(X) 

where * denotes the Hodge star operator on A* (A) determined by g (and extend * 
to £7 A*(AT) by ids * which we also denote simply as *). We use the convention 
that the Hodge star operator is given on the complex exterior algebra by the method 
in H Chapter 3, section 2. Note that there is a sign typographical error in this 
reference in formula (2.6), which should read 

e(A, B) = (-l) n P+ n ( n -V/ 2 a(AA') ■ a{BB') 

The L 2 or formal adjoints of d v and d with respect to -C , ~S> are given by (cf |^| 
chapter 3 section 2) 

d* h = -*d* = i[A,d] 
d* = - * d h * = -i[A,d h ] 

where A = i ^T. ■ g l H(-^-)i(-g=) is the adjoint to exterior multiplication with the 

Kahler form ui. Let Dg = (d + d ) 2 and Dg h — (dh + d^) 2 . The Kodaira-Nakano 
formula (cf. |5| see Chapter 3 section 3, the proof of (3.5) page 69, or Chapter 
1, page 16, (1.58)) can be written 

(3.1) □^-□y = i(Ae(e)-e(0)A) 

where as in @ e(6) : E<g)A^(X) -> E A(p +1 <« +1 ) (X) is given by e(9)(e Q <j)) = 
Ei>/3® a We will say that a section s oiE®A w (X) = ® i+J=w E A^ (X) , 

has Hodge type (p, q) if s = J2a=i e a ® $a where each 4> a is a section of A^ p ' q \X). 
This terminology can become ambiguous if E is the Higgs bundle discussed in sec- 
tion 2, since the E component of a section of i?0A' M '(X) will be a sum of forms 
with Hodge types. We will address this issue when it arises. Both Dg h and Dg 
preserve the Hodge (p, q) types. 

Now suppose E also has the structure of a Higgs bundle with Higgs form 6. 



The operators D" = d + 0,D' h and D h defined inhJand 1.3 extend to £0 A* (A) 



as above ([11| section 1): 
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(3.2) D"(e a 6b<f>) = e Q (g)90 + Ve^flf A</> 



|9 



D' h (e a <g)4>) = e Q 90 + ^ e/3 (g)(Cf + O A 
= -*£)"* = i[A,D"] 



^ = d',: + d 

One checks that as before that these extended operators D",D' h and their 
adjoints all square to zero. Note the adjoints of the Higgs forms are given by 
9* = *6 h * = -i[A,6 h ], 6* h = *9* = i[A,6]. Define 

(3.3) U D n = (D" + D"*f = D" D"* + D"*D" 

(3-4) a D , = (D' h + D£f = D' h D'£ + D£D' h 

h 

U Dh = D h D* h + D* h D h = U D n + U D , 



We now examine the relation between the Laplacians in 3.4 and |3.3| , and the 
"ordinary" Laplacians corresponding to 9 = 0, □a h ,Dg acting on E<§§ A t (X). The 
following formulas are given by computations using the definitions of D", D h and 
their adjoints (cf. the notation discussed at the beginning of the proof of 
Proposition [I]) : 

(3.5) Ujy, = Dg + 99* +9*9 + d(9*)+d*(9) 

a D > = a dh +9 h T h + 9* h Sh + d h (9* h ) + d* h (9 h ) 

h 

In general the operators □ d" and □ D > will not preserve the Hodge type (p, q) 

h 

of a section of E ^) A^ p ' q \X), although they do preserve the total degree p + q 
because 

(3.6) d(9*),d* h (9 h ) : C^TEl^A^iX) -» C°°TE A^ -1,?+1 ^ (X) 
d*(9),d h (T h ) : rr£(g)A (M) (I) -> C oc P£;(g)A (f,+1 ^- 1) (X) 

and defining 

B := u-g + ee* +6*6 

B:= U dh +6 h T h +6* h 6 h 

each of B and B preserve Hodge type(p, q) of a section of E ® A W (X) ,i.e. B, B : 
£0 AO'9)(X) -> B0A<m). The operators B, and B differ from the usual (0 = 0) 
Laplacians only by the zeroth order terms, which are nonnegative operators. If 
X is compact Kahler, then because B and B preserve Hodge type (p, q) one has 
kerB(B) C ker ) considering these operators acting on C^TE (g) A W (X). 

h 

To wit, if s = ^2 p+q=w Sp, q is the decomposition into Hodge (p, q) components, then 

Bs = Bs Pt g = 0V(p, q) <^> = dSp.g = 9s p .q = d s PiQ = 9*Sp. q V(p, q) 
= D"s p>q = D"*s p<g V(p, q)^>0 = D"s = D"*s ^ U D ,>s. 

An analog of the Kodaira-Nakano-type formula in this setting is 

(3.7) D D > - D D „ = i{Ae{F h ) - e(F h )A) 
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where as in § e(F h ) : E(g)A w (X) -> E®A W+2 (X) is given e(F h )(e a (g> (f>) = 

J2{ e P ® F L A </>}■ We note that 

(9 

(3.8) i(Ae(4 l,1) ) - e(if ' 1} )A) : E (g) A<™> (X) - £ (g) 
z(Ae(Ff' 0) ) - e(Ff ' 0) )A) : £(g)A^(X) -> £0 A^ 1 ' 9 " 1 ' 
i(Ae(F^ 2) ) - e(^°' 2) )A) : £(g) A^(A) £ (g) A^" 1 ' 9 ^ 

Because □ £>» , □ »,/ and Bx> are nonnegative operators on a compact Kahler mani- 
i — 3 ^ 

fold, formula 3.7 implies 

Theorem 3. If (X,g) is a compact Kahler manifold, (E,9) — > X a Higgs 
bundle with a Hermitian metric h then with the notation above 

i(Ae(F h ) - e(F h )A) < =*► 

(3.9) kerD D » C kerCLy nkerD D 

h 

where i(Ae(Ff l )—e(Ff l )A) J Od", B^' and Od are considered as operators on C°°TE^) A W (X). 



PROOF. That kerDo" C kcrB D < follows from ^/TJ. Then, if s E kerCb" H 
kerCh,/ , one gets = D"s = D"*s = D' h s = D'*s and hence = Ds = D*s. | 

h 

If the Higgs operator 9 is parallel with respect to the operator <i v defined by 
h as in Proposition [j], as a section of Hom(E) A^ 1 ' ) (X), i.e. Fh has only (1,1) 
form parts relative to a holomorphic frame, then the four operators in 3.6 all vanish 
(the proof is analogous to the computation in Proposition |l|) and D_d" = B and 
D D > — B preserve Hodge type. 

Let s = J2 P +q=w s p,i e C°°TE(g) A W (X) be as above, then the formulas above 
combine to give 

< (D D > - D D „)s,s >=< (i(Ae(F h ) - e(F h )A)s,s»= 

h 

(3.10) K (B-B)s p , q ,s p , q > 

p-\-q=w 

« (Ph(9 h )-d (%K 9 ,«p+i )9 -i » + « (dt(9 h ) - d(6*))s p , q , Sp-1,9+1 »} 

In formula |3.10| we see that if s G E ® A( p ' 9 ' (X) then the term < (i(Ae(F h ) - 
e(Fft,)A)s, s ^> depends only on the (1,1) part of Fh cf. 3.8. This observation yields 
the following vanishing result, which will be revisited in giving a type of Higgs 
bundle analog to the Kodaira-Nakano vanishing theorem. 

Theorem 4. Let (X,g) be a compact Kahler manifold, (E,9) — > X a Higgs 
bundle with a Hermitian metric h. With the notation above, if the (1,1) part of 
i(Ae(F h ) ~ e(F h )A) < pointwise as an operator on E^A^ p ' q ^(X) and if s Ptq G 
C°°TE^)AM(X) satisfies U D n Sp . q = then U D > s p . q = and U Dh s p , q = 0. If 

*~ ' h 

the (1, l)—part of i(Ae(Fh) — e(Fh)A) is quasinegative on £®A' M '(X), any then 
any such s Ptq must be 0. 

If the Higgs form 9 is parallel as a section of Hom(E) 0A' 1,o '(I),!.e. Fh has only 
(1, 1) form parts with respect to a holomorphic frame, and if i(Ae(Fh) — e(Fh)A) < 
on E® A W (X) then s = E P+q=w s p,« e E® A W (X), D D „s = implies D D < s p , 9 = 
and Di) h Sp tq — V(p, q)(cf. Theorem [|). 
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The Kodaira-Nakano vanishing theorems are generally stated as vanishing theo- 
rems for harmonic sections of (p, q)-iovu\s with values in a holomorphic line bundle 
L i.e. harmonic sections of L (^) A^' 9 ^ (X), with X compact Kahler or compact 
complex with C\(L) < (Q chapter 3 section 3, and |^| chapter 2 Theorem (2.18)). 
However the proofs given work for Dg— harmonic sections of (p, g)-forms with values 
in a Hermitian holomorphic vector bundle, i.e. harmonic sections of E A^ p,q ' (X) , 
if we assume that E admits a projectively flat Hermitian metric (every Hermitian 
metric on a line bundle is projectively flat). The main technical point is that con- 
formally changing a projectively flat Hermitian metric yields another projectively 
flat Hermitian metric. This observation is used in the course of proving the next 
theorem. 

Theorem 5. (Kodaira-Nakano) Let (E,0) — > (X, g) be a Higgs bundle over 
a compact complex manifold of complex dimension n with c\(E) < and assume 
E admits a Hermitian metric h for which the (1,1) part of the Higgs curvature 
F^ 1 ' 1 ^ satisfies the equation F^ 1 ' 1 ^ = nld^, where k — "^2 K^-jdzi A dzj is a (1,1) 
form. If s p , q e C°°TE^)A^<^(X) and D „s p . q = 0, p + q < n - 1(= n), then 
s p ,q = 0(O D > Sp. q = and Dh s p , q = 0). 

h 

Proof. Let a negative representative of C\(E) be given by -^f = ^ Yli j ffjdziA 
dzj , a closed real (1, 1) form with (ffj) negative definite pointwise. Then 
—i ■ ffjdzidzj is a Kahler metric g on X, and we use this metric as the Kahler 

metric on X. Suppose h is a Hermitian metric on E for which F^ 1 ' 1 ^ = nldE where 



k = ^2 Kfjdzi A dzj is a (1, 1) form. From 1.7 we have trsF^ ' — irg0 and thus 



^(1,1) 



we can represent c\(E) as ^tre-Ft 1 ' 1 ^ — j^r k. Now, any conformal change of h to 
a new Hermitian metric h 1 = ah (a a smooth positive real-valued function on X) 
changes the Hermitian metric curvature from to 0' — 9 — dd\n(a)IdE and does 



not change #fc,,i.e. $h> = Oh- It therefore follows from 1.7 that for the new metric 



h', F^' 1 ^ — K'Id E where k' — k — dd\n( 

For any real representative of C\(E), such as 57/, we can always change 
h (or any given Hermitian metric on a E) conformally to a new metric h' for 
which trs& = f (H Chapter 2 section 2, page 41, Proposition (2.23)). There- 
fore we conclude: we can conformally change h to a metric h 1 for which / = 
trE&' = trEF^' 1 ^ — r k'. Thus F^' 1 ^ — ^fldE- Now with this Hermitian metric 



the formulas |^ and H y ield ' if s e C °° r£ A^^X), h((0 D > - D n)s,s) = 
h(i(Ae(F h ) - e(F h )A)s, s) = h(i(Ae(F^ 1] ) - e(F^ l) )A)s, s) = 
h(—^(AL — LA)s, s) = —^(n — (p + q)) \\s\\ 2 h , (L is exterior multiplication by the 
Kahler form). Thus if p + q < n — 1 (= n). Opus = 0we conclude s = 0(O D > s = 

h 

and Or) h s — 0). | 

Remark 3. The vanishing theorem of Gigante and Girbau, (Q chapter 3 sec- 
tion 3, Theorem (3.4) and pi chapter 3 Theorem (3.2)) where the assumptions are: 
X is compact Kahler, c\(E) < and pointwise rank k, and the vanishing occurs 
in degrees p + q < k — 1, is also valid for a Hermitian holomorphic vector bun- 
dle with a projectively flat metric h and in the Higgs setting when F^' 1 ^ — nldE- 
The proof given in ]5| chapter 3 section 3, Theorem (3.4), pages 69-73 works in 
this setting. One has to extend the formula (3.6), page 70 as we now indicate. 
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Let (E, 9) — > (X, g) be a Higgs bundle over a compact Kahler manifold and E ad- 
mits a Hermitian metric ft for which = Kid®, where k — ^ K{jdZi A dzj 
is a (1,1) form. Then nlds has the same Hermitian symmetries as the Hermit- 
ian curvature, 0, of h, so w.l.o.g., k = Kidzi A dz, L ({dzi}f =1 orthonormal at 
the point of evaluation). Now for s e C°°TE (X) we can write locally 
s = "^2 e a P^-jdzi A dzj where the multiindices satisfy \I\ = p, \ J\ = q and at one 
particular point of evaluation the holomorphic frame {e a }^ =1 is orthonormal. With 
this notation the formula (3.6), page 70 in |5| translates into 



h(i(Ae(Fj i 1 ^)-e(Fj l 1 ' 1) )A)s,s)= £ (- £ Ki + £ *) kf 



u\ 



o=i ie(inJ) ie{iuJ) a 

\I\=p,\J\=q 



the remainder of the proof goes through as in § . 

We now examine the consequences of the results in this section for the Higgs 



bundles defined by 2.1. With (E, 9) as in 2.1 and assuming (X, g) is a Kahler mani- 
fold, we get a second grading of the bundle E A W (X) = @ p+q=w E A^'«) (X) = 

P+9=Ji , where E^ q} = A^(X) A^pf). Then one checks 0(5^) : 

Ka<n 



M P ' 9) -> ^i+^f (^fc_i )> and if E is endowed with a natural metric ft (|2_J) then 

We continue assuming is endowed with a natural Hermitian metric ft. Then 
the decomposition E = ®" =1 A( a '°)(AT) is ft orthogonal, hence is also preserved 
by the associated Hermitian connection and its curvature, 0. It follows that e(0) : 
E M _» that i(Ae(0)-e(0)A) : -» and that z(Ae(F, ( l 1 ' 1) )- 



e (^ 14) )A) =i(Ae(0)-e(0)A) + ^0; + 0;A-^*-^0:^ P ' 9) (cf. 



Finally if we assume that the Higgs form is ft parallel then F^ — fP~'^ (Proposition 
g) and we have i(Ae(F h ) - e(F h )A),B = On", B = B D ; : £^' 9) -> From 
this data we deduce the following interpretation of the last part of Theorem ^ in 
this setting. 

Theorem 6. Let (X, g) be a compact Kahl er manifold of complex dimension n, 
let (E, 9) — > X be the Higgs bundle given by 2.1. Let ft be a natural metric on E and 
assume that the Higgs form 9 is parallel, d^9 — 0. For a section s of £0 A W (X), 

write s = £p+9=- s { a p ' q) , where s { l q) £ C°°TE { a p ' q) . If i{Ae(F h ) - e{F h )A) < 

1 < a < n 

pointwise as an operator on E^A W (X), then C\r}"S — implies = C\j^'fSa = 
□ D ' si P,9 ' t = \Z\f) h s"a^ for all (p, q) and all a. 

h 

Using Proposition || we deduce the following 

Corollary 1. Let (X,g) be a compact Kah ler m anifold of complex dimension 
n, let (E,9) — > X be the Higgs bundle given by 2.1 . Assume that w is g parallel 
and use the standard extension of g as the Hermitian metric on E. For a section s 
ofE®A w (X), write s = J2p+i=™ si P,<z) , where s { ^ q) e C°°TE^' q) . If i(Ae(F h ) - 

l<a<n 

e(Fh)A) < pointwise as an operator on _E0A to (X), then Djj»s = implies = 
n D „s { t q) = O d > si p ' 9) = U Dh s { t q) for all (p,q) and all a. 
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